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ABSTRACT

San e eff ic ient , high order methods are discussel for approximating the

solution of an initial boundary value problem for a homogeneous parabolic

equation with time dependent coefficients. The methods are based on Galerkin-

type approximations in the spacial variables and single step methods in the

time variable. The equations defining the time stepping procedure are solved

only approximately however . A preconditioned iterative technique is used for

this purpose. The resulting algorithm is shown to produce optimal order

approximations using only the order of work required by the single step me thod

applied to the parabolic problem with time independent coefficients.

AMS(MOS) Subject Classifications : Primary 65M15, Secondary 65N30
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Significance and Explanation

Many physical situations can be modelled by the solutions of initial

boundary value problems for partial differential equations. Examples of such

situations arise in the theory of heat conduction and other diffusion processes.

The physical parameters involved are often dependent on the time variable.

The construction of accurate, efficient algorithms for the approximate

solution of these parabolic equations is studied in this paper. New , eff i-

cient algorithms are proposed and completely analyzed.
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EFFICIENT HIGHER ORDER SINGLE STFP METHODS

FOR PARABOLIC PROBLEMS : PART I

James H. Bramble and Peter H. Saneson

I. Introduction

In this paper we study efficient ways to calculate approximations to the solution of

a parabolic equation that are of third or fourth order in time and of high order in space.

The approximations are generated by rational function based schemes (Cf. Nassif and

Descloux (71 or Baker, Bramble and Thomée (2) if the operator in question is time inde-

pendent> but these schemes are modified in a manner suggested by Douglas, Dupont and Ewing

(4] in their work on the Crank—Nicolson method . We study the schemes in the context of a

linear parabolic equation with time dependent coefficients in this part of the work and

we will generalize these schemes to nonlinear equations in Part II of this work.

The schemes suggested by Nassif and Descloux in (7] are single step methods based on

a certain class of rational function approximations to the function ~~
x , x ~ ]R and a

given family of discrete spacial operators. Nassif and Descloux give estimates in (7]

that show that the resulting approximations make errors that are of optimal order. How-

ever the schemes are not really suitable for practical computation since each step of the

time—stepping procedure involves the solution of a new linear system that is related to

the family of spacial operators.

Douglas, Dupont and Ewing address this problem in [4) and suggest the remedy of using

a preconditioned iterative technique to approximately solve the linear system. This

approach only requires the solution of linear systems involving a fixed discrete spacial

operator if sufficiently many iterations are done at each time step. Conditions are

discussed in (4) that also allow one to iterate a fixed number of times at each time step

(a number that is independent of the discretizatlon parameters) and still observe the

optimal order errors. The overall work required by this strategy is of the magnitude of

the work required by the usual Crank-Nicolson scheme applied to a linear problem wi th  time

independent coeff ic ients .  Thus under these conditions , they obtain a scheme that is effi-

cient as well as effect ive .

Sponsored by the United States Ansy under Contract No. DAAG29—75—C—0024. This material is
based upon work supported ~~ th e National Science Foundation under GrantsNo . MCS76-0721( A02
and MCS78—09525.
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The results of this paper are similar to those of (4) with regard to our hiqher order

schemes and are in fact in same ways stronqer . In particular , because the schemes which we

• consider are inherently more dissipative than the Crank-Nicolson scheme, we are .11~1( ’ to 0b

tam the best results unconditionally. In addition , our analysis shows that the special

closeness requirements of the initial values to the “elliptic projection” demanded in (41

are unnecessary and that a more natural and more easily computed initial projection may he

used.

An alternate approach to the problem of finding efficient time stepping algorithms can

be found in work by Douglas and Dupont in (3). They analyze two efficient schemes for para-

bolic problems. The first is a method which is of first order in time (the Laplace—modified

procedure) and the second is a three level method of second order in time .

We now introduce the parabolic problem and some convenient notation. Let i~

d ~ 1, be a compact domain with a sufficiently smooth boundary M2 and an outward pointing

unit nonnal n(x) ~ (nl
(x),...,nd (x)). Let t > 0 . The following parabolic problem will

be studied under certain smoothness assumptions:
d

—u~ L(t)u - ~ D~a~ (x~t)D~u) + a(x ,t)u on 0 x (0,i)
l,j_l i

(1.1) uf — 0  or nAvuf • n. a~ D u f 0 on ~h2 x (O,i)

~O i ,j*l

U ~~v on 0 .
t—O

Here A — (aij(x.
t))

~~ j,,.1 
is a symmetric, uniformly positive definite family of matrices

of sufficiently smooth coef f ic ients on l~ x [O ,i] , a (x,t) is a nonnegative , sufficiently

smooth function on s~ ~‘ [O ,i) and v(x) is a given initial data function on ~ . If th~

Neumann boundary conditions are under consideration , we will further require that a(x ,t)

not van ish on ~ (O ,i) and that the coefficients (ajj} have the following special form :

aij
(x.t) — a(x.t)~~~~(x) , I < i,j d

for sufficiently smooth functions a and ~~~~~~ (This extra requirement ensures time

independent boundary conditions) . We will refer to the flirichiet boundary conditions as

F’ ‘,, and to the Neumann conditions as BC
N

—2— 
•
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We let H
t 

denote the Usual L
2(0)-based Sobolev space with norm H .1i 1, I a non-

negative integer. We also let H
1 denote the subspace of H1 that consists of functions

that vanish (in the sense of trace) on ~0 . We will use (.,.) to denote the usual

inner product on 0

• The operators {L(t) }0<~ 
form a family of L2(0)—selfadjoint elliptic operators on

the following domain:

if we have BC
D

H2 n {w € H2:nAVW 0) if we have BCN

Moreover , the form

D(t)(•,•) — ~ (a~ D~ (.).D.(.)) + (~~~( . ) , ( • ) )
i,j—l

is (strongly) coercive over H1 x H~ if we have BC
D 

Or H1 X H1 if we have BCN

Thus we can apply the standard parabolic equation theory to (1.1) (of . Friedman (SI or

Lions and Magenes (61) and get the existence and uniqueness of solutions u for various

classes of initial data. We will always assume that V € DL 
and further smoothness and

compatibility conditions will be added later .

We let T(t> : L2(0) 
~
‘0 L denote the solution operator for L(t); that is, L(t)[T(t)f I

— f for all f e L2(D). We note that {T(t)
~~<t 

is a smooth family of bounded operators

from H~ to ~~~~ n D~, for I > 0 and that {L(t) is a smooth family of bounded

operators from H t’
~
2 

A D~ to H1 , for I > 0 . In fact, L~~
> (t) — (-~~-)~L(t ) , j  > 0

can be calculated by differentiating the coefficients of Lit) with respect to time and if

we let T1
~~ (t) = (~~)~T(t), we have that

T11
~~(t) —T(t) L~

’
~ (t)T(t)

We shall use the symbol C to denote a generic positive constant throughout this
m2

paper and we will define ~ (‘) 0 if <

i-si1
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I t .  ~~~~~~i a t _ i ’ t s s ’t t t  igat  tSn ~~j ’t9 .1 ‘0 -

We wit 1 .i-.sume that we ~.iv,’ a t t ot  ,- .iimens ~~~ 1 . t ’’~~ ’.is ts - ( I .~

with t’at amet i’t s ‘ h ‘ I ~n~i t ‘~ .~ ansi a sU! f t - t e n t  ly ,~m.’ ’t  ‘: tam i v of ‘t ’l si ~ 1 r

ps’s i t  iv,’ st’m t st,. f t n t  .‘ •‘~‘ei . t t  ‘i s. T it  on t .  .~ t ~ni h , tv, ’ t a n~~e in  a nt  at  “h ‘ . 1  ‘ t

~~‘s it  ive  ~t .t in i t  ~ ott • W~ .1.’! I i t , ’ I It on as. the t ovet ‘.t’ of ( t  ‘ ‘t

each ~‘ t • iven ! • I I ‘
~ , we t ii ic.~ar~t T~ I t  f i . an .i~~- i ’ i ox m a t  i ‘n t o

In t a5 - t  we w i ll i ~
. spt i t , .  t h.i t the to t  low t tt ’i  be I mu ’

12 .  t IT
t 

- 1 h • f’ , 1 I -

here T~ I — r , ( t I  (~~~ • 1 i - I  . Final I ~ , we w i ll a~ s~~e that t h o t  o i s  a t ’ t ~~

I • ‘ oil : , I h at  s~ t jaf tea t he tel lowing

- : ~‘:  .. ( t
b 

(t  ~~~ ,~~ I fo~ I ,

I .~. fl ~~~~~ i tt .~~ ~
•
:

t • I  (~ .•~ H~ ’ ’  f 5 ’i ‘ t t .~~~ ..‘~~ . i t s s i  ‘

~~~ St I -hot o — — I L It I s
•% t I , h h

We not e I hat rn-any s ’t the  we l t  known ~;a’tet-k’tn—ty1se methods s5t i s . t  t ht’s .~ . s -~~us~ ’t i on .

For a ~I I sousa ion • st ’,’ S~~~~~ott (It )

We let P
1 i t  Tb i t  ~l i l  S

b 
, t • ~ief in,’ a family of ‘ elI ~~‘t t o  ~‘t

t ton” o~s’t at ot •s • We also let I’ :1 denote the orth~x~onal I — ~~~ 5~~s , - t  I on

8h~ 
(Note  t h a t  r — l’Ih

t’I . If w • ~ ‘ tot 5¼me 1 
~~— ‘ , t he n

41 ‘ w — 17w4 .. 1w — r w~ ~‘h ” • • - , ‘ t ‘ II — 
~ . . — —

We let ~t I = 
~~~~ 

~t I for  S

v . so that u (t) , H t and it ( I  ~ ‘ v~: t ’t  .‘ t

The n aett ing W it • F (t tuitt , we have th. following :

— W(t)O ¼’ h
— r

Wi. a t  so w t ‘s ’t to see how well the t imo .ier ivat iv’s s’f W a~’~
.t-
~’x im,it 0 I h ’ . 5 ’ of u

t h i s  end we iitusiy the tot
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Pro~~t s it  jon (2 . 1)~ if  w • H~~ - s 
~~ t o t  a~~v ~‘ ( s r— , t he n

(ml- ( t ) w t t  C (ttt )h II wii~~,2 , “ •:. 2:. ~~ C •

Proof: Wi’ gi.i. that (2.1) implies t h t

(t I w l  ‘~ U ~ ( , r t l (m
~~~wH

~ V (m)Tij)I Im-j I 
wI + ¼’ h t II wN 1 ,

i—t ~

- N Ttw(t ~ c UwU - ~
,

dt (, .~ t • .~’

An easy applica t ion of the abov, result shows that if s~ r— , at s’ n.i

v H is suitably chosen then

~~ (rn ) 
( I  — ~

0a) ( f l u  ¼’ 11 N y U (+ 2+2at • ¼’ 5 2:.
where W 1

~
1 ( t )  — (~~~)~ ‘W ( t l . In particular, this shows that W 1

~
1 (tl is un~f.’nsly

bounded in L (ii) provided that u and v at’e suitably bounded.

At t imes, we wilt assum, that the following condition holds:

m,~: ~~~
( 1I  

(t)T
h
(s)fl , DT h IS I L ~~

1l ( I N N  s’( j I , ~ * , t 5 1 ,  1

Estimates in SattInon 18) ~‘m Na~ st f and Doscl~ ux (~ ) show that this con dit ion holds to t

various C .at e rk in— type  method s if inverse assumpt ion s are ~att,i. The fol lowing m- es t i l t  m a

a consequence of Con5t i t t  on

Ht~~(t lw (att 
( t I L  .. 

~ 
Nit 1

~~ Itlit ~~~~~ ~ ~, s~ 1

1 —

- L

‘-I

_ _ _
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Ill. TiPw Il t a c i et  t~~5t ions

We now cons idet a met hod of ooeq’Itt tug  a pt’t~ a (mat I s ’t t s s  t o  the sot UI t~~’ I 5  m t tt ot i t

We beg in t ’y st tidy tn . t a t  t ~‘na I t ut t o t  t o n  s4’pt oil tatat t ons  t o  t h e  exponent a 1 ~‘ on

• It is well known tha t  t he re  a t e  t a t  t ona l  f u t m 5 ’I t ons I  t Ix t — ~~~~ i t ’  ansI ~

re ta t tv~~ty  pr ime i .olynsinla lsl that satisfy the t o t  low t n ~l ~‘on~t t  I t o I l s a

f ( I )  ~ (x1 ~‘ t o t  x , .~‘ i s ’1 — I

(1 ,11 ( j t I  — 1 . ,’ ~~
t (*)r(xl I tot s~~e ~1 •

~ (~~1 — s’ x’ 1  tot 5~’mte \ 1 , * .

We will use I’’ a a,t.i s,’’a t ha t  at e  no met-,’ I han stuath-at ( 0 5  in  out l*tot wot k hut t o t  new ,

we assume th*t ~
‘ (xl — \ p~x and s$ I x t  — ‘ ~t~ * whet’, I . t~e !t,lv,’ I Itt’ f~’I -

( — I ’

towing examples, whet. P and ~,‘ are of degre, two or li’~~~m

I i ’  r 1~~’. 
~4t~

l with ~t t ,v—I (Pa~’kwa*-~ts rutet 
I

~( 1 
~
‘1 —t 2, 

~
‘ , “ 2 ,  ~ ~~~~ W i t h  .‘— ¼ ’ • v— .~ (i’tank—N (c*’t son1

(III) The family pat’arnetrtsesi I’y I ~~ , I I

~~~~~~~~~~~~~~~ ~‘~ -i~~~-:~~’t 2) , g 1~~~ k , ~l~~-k  w i t h  .‘ ~ 1 , y —

~f ~— -
~ (I • I • ~) 

• v—

i t ” t 1~~~ t~~~ ~~~~1 • ~~ — t  .~ w ith ,I l , t’..~

( V I  p
1

— —  1 I , 
~
‘ ~~~~~~ ‘

~l 
~ ~ =~ ~. w i t h  ,~ S 

~
S

• ~
, —

2 . p 2
— t  1.’ . .‘, g,— l I..’ with .~ — 1. c — 4 (l’~~st~~1

We at. pat-ttcularly Interested ut the  c ses whet-c ~t

Wi. wt 11 new show ~low pt ’o1’ei’t y • I . 1’ I I I  I ~‘a t m  I c~*d I,’ a I we ~‘o t n t  Vai  l~’t exIsalts. 1, ’11

used by N a s s i f  and :‘.~~oI ous In 1 1

rt-e~ s.tt Ion i.~~ I) $upj~~s. that g 11 is a smooth fun~’t l~ ’tt ott 1¼ ’ • I 1 ~~~~~ tot

- ‘ • t t • we have that

I t . :1 -1 ~~ 
I 

~~~~~ — 1 4 
- 

I 
, sl g i ’ .  

l~

Ijt ¶
whet . ‘3 II ~ — ‘ g 4 t ’  ansi

1 . I l  ,~~ l — 
~~~~~ , 

I 
- ,, ~ 

I I

- -~~~~~~~~~~ 
— - -

~~~~~ 
-—- -~~~~~ 

- - -— — ---
~~ 
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Proof : Fr *s (1 ,1) ( t i t)  we sa’e that t’(xl~~~ 
— 1(x )  — O ( x ” 1 ) • Now take  at det - iv~~t iv.’s; ,

where t’ ‘ a t  • v . ot cich side’ of this equation and evaluate them at x—O. We see that
m -I- ill

m t p — ( )  ( 1 )  i i  q .itt 
1~~~S i 1

This gives 3..~) with gI t I — t~~, ~ . at v , and hence Il . ’) if g Ill is a pol yn (~Ii .1l

of degree no more than v.

We can expand a sufficiently satooth f u nct ion  q (t) in a Taylor series of degree V

and apply our above work. This shows that (7) holds with the kernel given and csspletes

the proof .

if we’ let tu h
it) l~~~ S~ be defined by

(3.4) U
h t  ~ 

L
fl
(t)u

h 
— ¶.L

1~
(0) —

where e S
b is s~ se function “close” to v I for instance , 

~h 
— Pv) then work by

Saamon ES) shows that

(3.5) Hu it ) — u
h

(tlH — .“(ht-) , t

under certain -ondjtions. Thus if we ~-c’uld approximate the so1ution u~ ( t )  of ( 3 .4)

with a known small error, we could use (3.5) to  show that our approximation is a c t u a l l y

close to ult” . We will use our two point Taylor po1yn~ ttial to construct an approximation

tO

Let ~‘ * k 1 so that Mk — for some integer M I. We will study a method of

approximating u
h ik) . Choose a rational function r(x) — ~~

-
~~~~ - that satisfies (3.11(i)

through (3.i)(jii) and where the degrees of P and Q are two or 1es~ , (This implies
ii

that v ‘ 4.1 If we note that -
‘

- L
fl
(t)u

h
(t) ,

u
1~~~ — (

~~~
) u

h 
— (t.~~(t )  — ~~~~ ( t ) ) u

h
( t )

then setting g(t) — u
h

( t )  , t k and using ( 3 . .~) give s  us the f o l l o w i ng :

( 3 11) + q 1
kL1,~(k )  + q2kiL~ (k~ — L

1~
’
~ (k)l uh ik)

— I + 11
kL~~(~~) + 1’ ,k

2 (L~ (~‘l - ~~~~ I~~fl ‘U
1 

( k ’) + ¼
~

4 k U
h

)

L



— —.‘- — —‘--- — -
~~ ~~~~ - -  - --—-~~~ -~~—~~~ -~~ 

- --—P -~~~~ ~~~~~~~~~~~~~~~~~~ .~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ - -

rhus’ I t  the -~ ii t n t m t \  in  t h, i t  , , t  - , ‘t 01 ~~ ,~~,
- ,. I -  inv om t mb l&’ • we ~s i i n t  , , I ¶ ‘ 1 —

l. ’w t t , , t  I , ’ 1S’ “ cl~’s,’ ” t o  u
h
(k)

V - i t  C q 1
kI,~ 4 q~ k ( L  - L ) i 1 ( k ) I l  ~ p

1
kL

1 t , k ’ (!~~ - 1 k -~ v~

I’h i s  is hene for apI’mox m a t  I nq U
h 

( k )  w t II is’ I i s ~ basis .1 .t ,~‘h, ’n~- I t  .m H ’ ’ ’5 1 1.11

u , iN k I ~~~ .tny  N ‘ 1. I t  wi 1 Is’ seen t h a t  t Im e t i - t i ox 15.11  i o n ;  ,-an (‘Ont i n i l s ’ t o  is’ si , —

fined us it i .~~~o~’,’ 1 .it ot S t h a t  are ~‘~ ‘,i st ~ti~-t e~t I t-~ 1II I’ • ¼~’ .tti I t I s ’  [am t l y  ~~~ 

I 
¶

We’ not ,’ that these schem es can he del m o d  if th e ’ dt’qm 05’ SI o t  r and ~‘ are h i 5 t h s ’r t hj n  t ;~ , - ,

as wait done in  [7 )

Th~’ so l u t  t on  u~ It  I o f 1 3 . 4 1  on l y  p l ays  ,t met i v.0 mona l  m o l e  and w i l l  not  ,‘n t  s - i  ~n

way in t h e  re st- 01 t h i s  work.  ~or }‘u ri’oses of ou t- e st im a te s  , we ~‘m 11 need scSfle’ :nu, -t  I on

in S1 that  is utuifot~t1y d oss’ to u (t) in the ’ SenSe ’ of ( 3 .  h I  .ttu ,i U
h 

I t )  ss’ouI,~ l’s’ a

~~ ss ti sle ’ c an d i d a te’. We’ w i l l  i ts, ’ W ( t  I for this put-pose howe~’ s’t , m a i n l y l’ec,euse’ it is

,‘a~~v to  e’st i tiutt e’ i t s  t ime’ Jet  (v at  (yes

( j 1  ( - ( 1  ( 1 ’ ( ‘ I
i-’, ’i i’ n M , lot  t — u k  , I — L It  ) (j ~ 0’ , T — ‘ C t 1 (~ “

n n h n — t~ h it —

- 2 C l ’  - L’ ( 1 )
I’ — i’(—kL 1 , ‘2 — ‘2(—kL ) , P • I’ — 1’ ,k 1. , ‘2 — Q —q k L . We utow - s’t t l t’ then ri n n 5 n ii 71 5 11

quest ion ‘1 ‘ 2 ’ s inVet -t  ibi I ity on

Prs’i’~’~~t t i o n  (3.,~1 tot k s u t t i , ’j e n t lv  small we have’ t h a t

~ i . ) C
1 ~~

‘
n’ 

, ,‘l 
~~~ 

~~~ — ‘ .2 1” n “~~ ‘ 2:. ‘ ‘

p roof : I’ht s ’ f , ’l l o wss  i mm e d i at e ly  frsstt the  f o l l o w i n g  i n equ a l i t y :

11 ’ - 

~~~~~~~~~ 
— I q~~ (L~~~~~ ’ ,~~ )

We’ w ill assum e th .-tt k is sufficiently small for t he  t es t 01 h i -  work. Tin’:: sin. - ,’

is invertible’ dut’ to  ‘2 Ix I ‘ 5 pt ’s tt i\ ’ i I v  on ~ 
• the’ .it:’o\’,’ I’ m Ot OS jt I ,‘n Sh,’WS I

‘2 i s ~ inv er t ib l e ,

We now r e tu r n  to  Out  si~~it c r i pt  ion of an appr ox ia tat  ton  f ,  the’ ,‘l u t  mo n 01 ;i  • I . 0

~
• ix ’ , we’ ,‘hs ’o u,’ a V

1 
Sh 

tha t  is c l o u t ’  t o  v ( f o r  i n t a n , ’,’ v’ — rv , .t~ t hono ) vs

wi ll ,ie’s,’rtbe pem’h.tps lil’tte’t possibi  l I t - i t ’ S  l at e t- l ansi 1- s - o m i t  ‘u v s ’lv  ~i s t i n e  ~. ?I4 I 
~

~t ~~~~~~~ vu , l’v t he  f o l l o w i n g  fe t~tula

- n+l  - fl
‘~

‘ V — r V , ¼ n ~ i-in 4 l  —

- J
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We ox (‘,‘u ’t V~ I s ’ l,t’ c lose  t o  u (t  ) which  i s  in  t u r n  close to u ( t  ) (for it -- 0)
ti n n —

and we’ will derive corresponding estimates.

As t iot~~d be fo re , this approximation scheme has been studied in an L (~ ) s e t t i n g  h’.

Nassif  and fle’ss loux in ( 7 )  , We now 5500 how ccenpu ta t ion  of this scheme involves so~ving

a new linear problem at each time step and why a more efficient variant would be

desirable. We shall later study the variant suggested by Douglas, Dupont and Ewing in

(4). However, since’ the analysis of this variant requires estimates of the ’  orig i n a l

schs’r,e (the one defins~d by (3.8)) in new norms, we shall first present another analysis

of this scheme. We shall also define a natural choice for V
0 

.

‘1 
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XV . Preliminary Error Estimates

We are primarily interested in how close ~
n is to wIt ) (0 < n < M) since

we already know (recall (2.6)) how close W’1 is to un u(t ) (0 < n < 14). As noted

before , these estimates are already known in the L2 (cl)-norm but we wish to study them in

the (possibly) stronger norms given by (Q (.),(.))
].~’2 , This will allow us to study a

variant of the scheme where the 
~~n

1”’ ~~~ 
1/2 norm is in some sense a natural norm of

the problem. We note that most of our work will go on in Sb 
in the next two sections.

Letting 5
fl 

= ~
n 

- W~ for 0 < n < 14, we see that

(4.1) Q5+iE~~
’ 11

n+l E
n 

+ 
~~n 

- 

~ n+l~~~~ 
+ (~ -

+ 
~~n+1 

- 

~n+1~~~

’

~ 
- 

~~n+l~~~~
1 

-

This will be an important error equation.

We note that (4.1) is of the form QW PV + F where W , V ,F € Sb 
and Q and P

are selfadjoint operators on 5h that satisfy the following :

Ii) (Q~~,~~) > 0 , 0 ~ € Sh

(4.2) (11) ( (Q—P)w. .t~) > 0 , 0 ~ ~

~(iii) ((Q+P)s’,~~) > 6 (Q’p~ P ) ,  0 � ‘p € Sh ,  for some 6 > 0

(Of course (4.2) (i) through (4.2) (iii) follow from (3 .l) (i) through (3.l) (iii).) This

situation leads to the following:

Proposition (4.1): Let QW = PV + F where Q and P are selfadjoint operators that

satisfy (4.2). Then we have that

(4.3) (Qw ,w) < (QV ,v) — 1( ( Q— P )v ,v) + 2 ( F ,W)

Proof: We see that

(QW ,W) = (Pv ,W) + (F ,W) = (PV,Q
1
Pv) + (Q~~’F ,Pv) + (F ,W)

= (PV ,Q ’1PV) + 2 ( F ,W) — (Q 1
F ,F)

and that (PV ,Q
1PV) = (~ V ,V) - ( (o— p) (I+Q 1p)v ,v ) .

A simple calculation shows that I+Q~~’P is selfadjoint in the inner product defined

by ( (Q— P) ., .) and hence has real eigenvalues. Thus if ii is an eigenvalue associated

with the eigenfunction ~ , (4.2) ( ii i)  shows that p ( Q ’p, ’p) = (Q(I+O ’P)s P , sp) ( ( Q+P) ’p, ’p )

>

-10— 
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We conclude that the smallest eigenvalue, p ,  satisfies p > 6 . Again using the self-

adjointness, we see that

( (Q—P ) (I+Q 1P ) V , v) > 

~~~~~~~~~~~~ 
> 6((Q—P)V ,V)

which completes the proof.

We will want to apply Proposition (4.1) to (4.1) and obtain an estimate for

In anticipation of this , we prove the following estimates.

Lemma (4.2): Suppose n > 0 , 0 < i t t  < C and we have Condition Bh if Q(x)  is quad-

ratic. Then

(4.4) ~n+m 
- 

~n l ’~ 2~~~ ~~~~~~~~~~~~~~~~~~~~~~~
lU2n+m 

-

Proof: We first note that (3.1) (ii) implies that the degree of P(x) is no greater than

the degree of Q(x) and (3.l)(ii) and (3.l)(iii) imply that Q(x) cannot be the

constant 1 . Also if we let R(x) = l+x if q2=0 and R(x) = l+x+x2 if ~ 0 , we

see that R 1(x)Q(x). R(x)Q 1’(x) < C for x > 0 . Thus letting R .  = R (kL~ ) (0 < j  < M),

we have that

C1(R op, ’p) < (Q. ’p , ’p)  < C2 (R . ’p , ’p ) ,  SO € 5h ’ J .~: 
0

Thus it suffices to prove (4.4) with R —inner products on the right hand side.

We have the following estimates:

( 4.5) J ( ( L
n+m

_L
5)SO 1sSO 2 ) I  < C  k :tip 

h 1 2

C kH~~ fl 1II~ 2II
1 

< c k (L’p1,SO1)
1”2(L’p2,’p2

)1”2 •

(4.6) ~( (L 2
~~ —L 2

)’p1,SO2
)~~< ( ( L

n+m
_L

n )SO 1C Ln+mSO 2 ) l  + !(L n SO15 ( L n+m
_L

n ) SO 2
)

< Ck 

~~t~
..:’

~~m k  
IlL ’

~ (s)TH)(1+(lL ,~~T fl )IIL ’p1IIfl L ’p2II

note that Condition 8
h was used in (4.6).

We now can use (4.5) and (4.6) to complete the proof.

Leutuna (4.3): Suppose n > 0 • Then

(4.7) 
(1Pn Pn~~IeSO21 

~~~ Ck (Q~~1,~ 1
)V2(Q S O S O )V2

~
( ( Q Q )

~~~~ ) t J  n

—1 1—

S 
______________

-- --
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Proof :  We i m o t o  t h a t  1 k’ ’’ I s  t u- ’t h i n t  - - ‘ -‘u ’ . unless i’(x) i s ;  s~ua , l r -at  i s - a tid C I t t  i t

su ffice’s I s ’  prove’ (4.7) with k mnut i ’ r  - u ’ ’ ti - C s rn C li,’ r u tli t hand ;j d , ’ , as Was; , )’- - s-tv,- -)n

itt the’ pi ~‘,‘f ‘1 t.emina (4..’ )  . We have’ t h a t

•~ ) j  ‘ c k 2 H~’ i i  Ik’ , I I ck ’ (l~~~ ,~~ )~~~ ‘ (L ,
~~ )~~~

‘ ‘
n 1 — I l  . 1  — n i l  n .  .1

which suffices to  sh ow ( 4 . 7)

We now study the t r u n c a t i o n  err - or term in  ( 4 . 1 )  by comparing i t  to the t r u e  s o l u t ion

u ( t )  of ( 1. 1 ) .

PropositIon (4.4): Suppo se’ that v ii~ , — max( .r(v+l) ,i+ .I) , i -s such that iiU(t )II
r+~

C))v(i , )iu~ ”~~~ It))) ‘ CU e)) fo r  0 t - t and we ’ have Condition B if ‘2(x) isr+i — . (u ’+ l )  — — h

quadra t i c .  Then f or  0 n .- ‘I and ~
‘ 5h 

we have ’ t h a t

( 4 . 8 )  (‘2,~ 1~~~~~

4 1 
- .~~‘) I C k (h

r)1 ~~~ t ~~~ 
k ~II vii 

,, ( v i  1)~ 
1 ~~~~ 

1 ~~

Proof :  We n s tt v  t h .t t  u
~ 

- i - u , u
~~t- 

— (L’—L~~~)mt — =L (I+T
~~~~

) u
~ 

fo r  0 t ‘- i and that

Propos i t ion  (C ,)) in1’) i s ’ s that

n4 l n+ l  2 n4l  n n 2 n v 4 1( 4 . ”) ii (it _ s l i kur t +sj~,k tr
t- t- 

) — (u — p
1 ku

t- 
4-p

2
k ti

~~t-
) ~ ‘ k l i v ))  ., (~ ‘s1)

We also have t ha t  — P u 1 
— Pu~ + (P

1
-P )u 3

(4 . 1 ,1 )  t w = 1. It - )T  It  )r ’  L I t , ) u ( t .)  = —Itt) , o
~1 h j h j ) 3 t —

(4.11) (I.’—i~~~’)w~ ~ ~~i i  3 j t

= _L~~(P
1

u~~+P 1T 1’1 ( t ) u~~) + L~~(P
1

_ P) u ~

+ L
1

(P
1

_ P ) T U)  (t . ) u ~ + t
1

P ( T 1
~

’1 ( t ) — T~~~
1 ) u  , j “ 0

and —L . P 1
(u 4- T~~

t 1 (t
1

)u ~~) P

We now use theme facts to see that

I (~~+1W
n+I_

~0W
n
,SO) l C k”~~ ii vH 2 (~, 4 - 1 ) ii ’p H ~ ci~~~~~ ii~~

U 1 (SI_ PUW (s )) id~ ) H~’ll

cli ) (r — F ) -‘ lI p —F) u °) i -+ ) ) ( P  — P)’t~
1’

~ ( I  ) mt°’ ~i) -4- II (P —1’) P ~~~ ( t  )I t I t I it -t i t I n t

+ Ii (T~
11 ( t

41
)_ T ~~~~)u~~4 - u ii + I) (T~~ (t )—T ’

~~ )u~)) 1 k’ ( i i i ,  ~~ i l + iii ~‘I I )

- ~‘ 0 0 l ‘0
“ e ’ k lb iv ) )  4 k U vi) ) ) i ) ’)) • k lii - ,‘Il -

— i t O  2 ( ~ --+ l)  0

wit ich ‘~ j~ ’e: s st ir t- e’ stm i t
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We ’ ‘ i i ,  now l il t  C bt , .5 i’  v •‘:.irl C s .  C ses~.’t tier and demonsi t rate ’ a Ixiund i i i  a i’ ‘ — t ~ , ’ i  tu C , -,

the ’ ‘Ii f fe ’ r  errs ’,’ bet -we ,’ ,, V~’ and

Theorem (4. ”) : h s r l ’ I ’ s , s ; ~ ’ t h a t  v is ;  suf ficient ly smooth and e ’ silisat i ble (the’ h y ) ’~s C 15, ’’;, ’ ;

of Pr  s ’~ ’s ”s i t  j , ’rt ( 4 . 4 )  wot i lu t  surf  t ii ’,’) ansi that we have t’ondit  ion i f  Q (x) i s ;  quadrati c..

Then f o r  0 N N

1 ’  N N r ‘ 1/’ 0(4.12) ))s~ 
‘ (V — W ) ) )  CU t + k’)l) vII + cIIQ 0 (V — p v)l)

Proof :  1,,’t 0 n . N . An app l i c a t i o n  ;sf the results of this sect Ion t o  t he  t e rms  on the

right of ( 4 . 1 )  show s that

(Q F
n 4 l 1.f i + l ) ( l+c k )  (Q E~~,E~ ) c It 1k ” + h

!) 2 
l) vI1

2
n+l — n p

which ‘ i i v e ’ s ;  the r e s u l t .

We’ will now examine possibilities for the starting function V0 . We require that

- P1v be bound ed by c (k ” + h r ) in the Q~
”2—norm if we wish a comparable et-ror in (4.10).

We can always let V11 
— P

1v but we note that the approximation scheme defined by ( 1 . 8 )

never requires that we determine T
h applied to any function. In app l ica t ions , t h i s  would

atuount to a special , expensive calculation required only at the beginning . There Is another

choice for V0 that Involve’s solving a system with (or even Q0) . Since’ such systems

have to be’ itolved anyway to take the first step, this would seem to be’ a better approach.

We have

rm’.4sosItion (4.6)~ Lest ~ , H~
’ 

P
1 

, L(0)v and define V0~
1 

and V0’- in S~ by

the  f o l l o w i ng :
— —

- 0 1  “ ‘ ( I )
Q~V — P lv + q1kI, (0) v + q

2
k” (L (0) — 1, (0) ) v)

(4.1)) - 
, - -

~~ Q~V~ 
‘ — P(v + q

1
k l . ( 0 ) v  + q,,k

2
L’1 (0)v) - P Q ( k L ( 0 )  )v

Then

— P v)ll ”I
( 4 . 1 4 )  

~~~~~ it  ) •  ch
!

t vl)
r 

-

ii ’2 ’ ‘ (V ‘ — P
1
v))) 

J

Proof : We’ ~~~~~~~~~~~~ that

(L~ P
1
v — I. (0)v ,’p) — (U  —

— ~~~~ ( 0 ) V ,t ’) - ((T~~~
1 ( 0) - T~

’1 )),(0)v,l ,~ ) + ( ( ~ 1
_ 1)~~U 1 

(t t i 1 ( s !)u’ ,l~~.’t

— 1 1 —

_ _  _ _ _  .,:,: - - - - ~~~~~~~~~~~~
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-
~ ,t s ,  if  we l e t  .‘ V ‘ — P 1

v then

1 ’  0 1  ‘ - 1/’ (11
‘2 , 

— i’: ‘ — 11 ’ ci) (V ‘ —p
1
v) I) —

+ q
2
k2ch i’iIvl ) 42IIL 0’pl

)

~

This completes the proof of the first part of (4.14) and the second part follows even more

si~p1y from the above observations.

This result completes our error analysis for the approximation scheme defined by

(3.8) with V~ defined by either equation of (4.13). We will call this the base’ scheme’

in the sequel .

We note that if ~,0,2 is defined by

- 0~~ -
(4.15) Q(kL

0
) V  = PQ ( k L ( 0) ) v

where Q (x) is a polynomial that satisfies 0 ‘- sup Q(x)/Q(x) <= , an estimate like

(4.14) will still hold. Thismodification mightprove useful if Q(kL
0
) isa preconditioning

operator for the kind of linear system solving techniques we will study in the’ next section .

—14—



V - A ‘5 ’at i i t t )  ~‘t t he’ Has;.’ Schi’m,-

A’; we tt. ’C ,‘,i h e f . s t, ’ , t h e ’ ‘-a l;’u1,~C ‘n ‘‘C t hi.. I..,s;,’ ‘scht’me’ i t , v s s l v , ’ , ,  t he’s , ’ l e i t  t s ’ts ‘‘I a

new 1 ine’ar prest_ st etu at each t ime step . W,’ wr sit C ; ,  st ti d y a var i , . t e t  of C h is  scheme’ where’ we

s ’rt l 
~

- 4L’l’i ox unua t ~‘ I s- s’’ lv ,’ the l i near  s;yst e’ne at ,‘.r~ is t im ,’ ~t er’ . We ’ ~s t espsss;. ’ C s ’  use’ an it era—

t ive t .‘chnique f or  t ) t  i ts  I’ur l’t ’se which , as we will see , can be presvide~i with a good i i i  i t  i .r i

gu ess fs s i  the t r ue’ ‘~ ‘lut r ott

I f  we’ it e at a i” ’ t n t  in , ‘e;i ca l cu let ions, where wt’ have ’ severe 1 ac cu t a t  a’ approx ima —

t ions Cs ’ the fun ct  ion ti l t) at pr , ‘v ioii ’ ;  t t ine steps , it  can 1w seen that t her e  i s ;  art

.xt rapolat ion of t ? t , ’s.’ v alu e s  that i’i , ’lds ) t i s t t  as good an a)s)si-oximat ion at the’ next t ime

st ep . The’ stnssothness of ul tI makes this possib’ = . This extrapolation could be’ use’;i as

an i n i t i a l  guess for an i t e r a t ive  procedure . But t h i s  observation rai ses a quest ion .

Since  even t he  exact solut  ion of the s y st e’m which we’ are approximately solving is no close’i

to  ii (in the sense’ of s s i s i e ’ r  I than t hi,’ e’xt ispolat ed quee’ssts , why it e’rate at al I~ if wi’ did

no tt •rat i ons and used this procedure as; an alqs ’r ithun I ;’  generate  f u r t h e r  a p p r o x i m a t ion s ,

er ror s would grow and the  a p p r o x i m a t i o n s  would det e r i o r a te .  Such an algori thm is r iot

stable .  s _ s f course , th. base a l go r i t h m  (g~~l ve t h e ’  system exact -l i ’  and forget about itet-atlons .)

can ea st  1~’ be shown t o  be stable althoug h we wi lt not formally state this result . A l s ; s ’, it

w i l l  not be too hard to  see tha t  if we’ mak e an error in approximate ly  solving t he sy s te s m

that  is s i f  the  order s’f the  loca l t runcet  ion error  and t hat  i s ;  in some sense’ inde1sende’nt ;sf

the i n i t i a l  guress , the n the a lg o r i t h m  is s t ab le  and gives accurate  a~’pt-o ximat t e st i t s .  t o t

the t t e r at  iv,’ schemes that  we’ w i l l  consider , t h i s  stu-ate’gy re’qu i i-es a quant i t  
~

- of i t , ’r -~~t jo lt , ;

th at is  on the  or der ‘f the ’  lesqar r C hin of t h ~ t est al  num be’,- of’ t imi ’ st e~’st , p ~’ I C ime ’ ~ t o ~- .

C4 , ’w ,’u’ e’ r - t h e re i ts  a more e f f i c i e n t  st ra tegy  ava i l ab le ’  i f  the polynomials I ’ Ix )  ansi C i x )

have C he’ - - , ‘r t -pct ) ‘ rs 9 5 1 ’  r t j est , I f  one does itt fact ‘4 IVI’ .1 good i t t  it i a t  ei t t t st s ’s  1~’ C he i t  ci at iv,-

ss he ’m ,’ .in i then  it -er -at ,’’. ;snl y a e - , ’rt a in nu mbe r of t im, ’s.  ~‘e’t t line’ st ep  (a irnmis,’r that i s ;

i !tti4 ’}’e’itsit’ii t ‘ ‘I C it.’ C . st  a I num b,’ r s ’ f  - . t .‘~~‘s ; 1 , t hie ’n ,‘‘s’,’it C !ts’CIel it .~ s~ s % t I  a~ -y I a tte’t imi s , - csv,’si , C it,’

t e s ’sul C m g  a tqor i t  ~m i s  at at_ sIc an,i ~i, ’ t t . ’ t  i i  ,‘- ;  .i,’cuttat ,‘ .-,ppr -ox imat  I sins ; I ‘ ‘t u . Ph i s  )‘ite’th *fl—

coon was f t  st estsse’rvesi in  ) 4)  in r et  at i s ’,, t s’ C lie ,‘u-ai,k—N j cot  son scheme. We’ u~’ t 11 ‘i i  u’ .’

ar -qument a in th i s seCt i s ’,, t hat show that C hit ’s’.’ resit 1) a hol ;t  C s ’t stche’mes t h a t  have’ C he ’

- --
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r igh t  k ind  of d i s s ipa t ion; t h a t  is , P and Q are such that ~‘s > 0. Simi lar r e s u l t s ;

can be proven for  polynomial  pairs that are just stable (5S — 0) but the condition

It ‘- C h ’ , for saint’ constant C , is required. This condition introduces dissipation and

was used in (41.

We beg in by discussing the properties of a particular type of preconditioned iterative

technique for solving linear systems. We will ~ussume that we are working in a finite dimen-

sional space H with an inner product 
~
‘‘‘1 H and a norm 

~~
‘H 

— (, .)1/2 Suppose A

is a positive def ini te  selfadjoint  operator on H and we wish to find an approximation to

th e vector x that satisfies Ax — y ,  where y is known . We w i l l  also assume that the

situation is such that we have another positive definite selfadjoint operator A
0 

at our

disposal for which ?t 1z,z e H is easy to find and for which we know the following spectral

estimate:

(5.1) \
o
(A z .z)H 

< (Az , z)~~ “ \ 1( A z ,z) 8 , z H

where 0 “ 
~ ‘I are known constants. Then there are methods which when given an initial

guess x~
°1 for the solution x • generate a sequence of approximations ~~(st )

, ~ , to

x that have the following properties:

(i) The calcu lation of ~~~~~~ given (~~ i) 
~~~~~~ 

only requires evaluating A and

A ,  solving systems involving A and Hilbert space operations ,

( i i)  The sequence ~~~~ x as a geometrically in the following way . There is

a decreasing function 0 < y ( )  ‘- 1 (0 ‘ ~ < 1) that satisfies ‘,(l) — 0 and which g ives

1/2the rate of convergence of the i terat ive scheme in the A norm :

( 5 .2 )  I) A~,~
2 (x_ x ~~

t)
) I i

H ~ c~ i t (  
~~ )UA 

2 x_x (0
~~ ) )

8 • a “ 0 .

A given method may or may not actually use the spectrum estimation constants and

in its calculations. We also note that (5.2) implies that the following estimate holds:

(5.3) IiA
~~

2(x_x
~
’
~~

)Ii H ~ C~(1-i
t( 

~~~~
- 
~~~~~~~~~~~~~~~~~~~~~~~~~~ -s

The preconditioned con j u gate gradient algorithm fits into this framework with

1/2 1/2y — ( l — ~ ) / l+ t , ; see (11 . We also note that  anot her example s ’f such an alqorxthm i ts

given by the following descent method. Let ~‘ 0 and g iven x 1”
~ is -sr sctn e’ a “ 0,

- (a+1) -de’ftne’ x by the following :

—1(5— 

~~--- -~~—--~~~~~~~~~~~~~~ --- - - - ~~~~~ —-



A x 1”’1 — 
~-~~

- +

Ti,is method ce sn ’s’,’t s~s’s f e_ s r c e r t a i n  value ’s  s it  us and it  we choose — -
~
-- -

~ —~~~
- C ls , ’,s we’

have’ a nte’thosi that satisfies Ii) , (ii) above’ with ‘a — (1—i .) ‘ 1 + 1.

We intend to  use an i t e r a t  iv , ’ scheme w i t h  the prope’rt i.’;; described above t s ’ a } ’ f ’ r . s x i

mate ’iy solve the  system ( C .8) which defines  our ba se scheme . The HU bert  spec.’ H w i l l  tie ’

w i t h  the 1, ’ ( s )  — i n n t ’ t  
~~ 

odiui s ’t and the atx_sve discussion s out l ine possible e’n t o n  r e s u l t s .

We w i l l  keejs th t . s’s’ttjtiqCt~ g ra d i e n t  a l g o r i th m  in mind since i t  o f f e r s  a good convergence’

rate and it s1~t’st not require the values ~ f and in i t s  ca l cu la t ions ;  they only

ente ’r in t o  i t s  e r r  c it analysis.

t-:,. now must decide what t o  use’ as a preconditioning operator . We’ note’ t h a t  t he

contribut ion of the ~~~~~ tenS in Q , ~ is smal l ,  Se_s WC can ignore t h i s  term when ~‘s sn-

structing a lurecondjtioner. We now discuss two p os si b i l i t i e s;

~~
‘ as a lsres ’ottsi i t t o t i t t  operatot

This is a good s’hois ’e’ i f  l i n e a r  systems involvin g C , are’ easy to solve . For

in stance’, i f  s~’ (x i  — l+q 1
x is; linear then  C0 14g 1k1, , it,,,; e’sse’nt tall y C l,,. same’ stt t-u~’t a t e ’

as the 1 operator and solving this type of problem is well studied. if  Q ( x )  —

as in the  s’alahan mt ’thsxi , then  sol~’ i ng systems wi th  C0 — ( I i  \ k t - , ) ‘ only  in~’ol~’e’st ss’ l\’ t ns i

t wo successive system s w i th  the ( j + \ k l 1) operator . Thus C 5 , us ;  a l so  a ~t , ’,’~C 
~~~ 

e’5’s ’n , l t t  t o s s a ’t

for this ;  method . If  Q ( x )  is not .a Perfect square , the ’ four th order ,i iaqonal Pas1~ ,;, !,s ’~t i, ’

be i ng a notable example, there are’ other method s fo r  ss ’Iv in s i  ,;~‘st,’ms i , svs ’l v in g  C , t h at  55~ ;s ’

ccmuplex a r i t h m e t i c .  Thut s using C~, 
as a pre’ce_snd it  ion m c i  ot ’e’l it or itt poas i 1$.’ C c i  t he’s ,~ ’

methods. We’ w i l l  o f f e r  an alt , ’rn~ i u v e’ in  B howevet- .

We observe that the tot lowing t- e’stult containss ( f ’ . 11 f e _ s r C , as .i t -n  ,‘s - , ’n s h t  t t Ott  t i t s i

operator .

Propos i t  ion, (“ . 1) ;  Let 0 in , n H and essuime ~‘~‘;sd it t ~‘n i f  ~‘ x l i s ;  s)tia~h n at u~-

Then f o r  
~~~

‘

(s ’~~4) (l+u ’I t - t +k~)
1
(i~~,~,.’) ~~~~~~~~~~~ (l.C~t - t .k~ i ( ,~~~,‘ , . i -

_____



--

Proof : We p. . t h a t

— (C ,,.’ ..‘‘ 4 1 (~~~~ — ssi ,~
)~~’ , s ’ ’C + ~ (c~~..Q~~)~~’ ,,~)

And, using th. techniques of Prop osi t ion (4 .  .‘) and ( 4 .  l~ , that

+ 

~ 5 S5~’ .e~~ C lt — t sk t  (C,,” ~~

Th is gives the second inequalit y an ) the first is; done in a simi la r  fashion using I ’roposi—

t ion (C ..’).

Thus when we ar , using th . i t erat ion technique at the n — t b  t imes a t o p ,  it I , we’

can alwa y. tak e — — ( l e t ’ t and we can ext-se’ct an error reduction , tic ’ a ~,i; ’te _s r
s_s ‘1 n e t

of at Least ‘a
” ( ( lee ’ t ) 2 ) af te r  , i terat  u , _s nus ; . Note that  t h i s i mp l i e ’s; t hat  ‘a .

~ C tnet

so tha t ‘a C k for th. fi r s t  few steps . Also if  we ar t ’ given an e “ 0 , there ’ is ;  an

1 (tnd.p.r.d•nt of n) so that ‘a
” t ’

N_ sw we consider anothe r possibility for a precondit ion i ng operator that  is u se fu l  i t

Q( *) is quadratic but not * perfect square . l,e’t I “ 0 and set S — i + \kL for

fl . N.

~~ . S _s — ( I . \ k t .
01 s’t S as a ~recs_snditiontnj~~~~,~~tor

We f i r s t  note that i t  is easy to solve systems using these operators; that is , we

only  n..d t~~ solve (perhaps successive) systems with the (I÷\kL 0
) ope’r at o n  , We ;‘,l ;t .i lso

prov, the following result by the methods used In the proofs of PropositIons ( ‘ ..‘) •

ansi (4.);

P r oj~asit  j s’t’a (5 .2) : Let s~ m ,n N and be the  degi- .’e c_ s f Q(x) . Sutpi’os;e’ t hat

Condition i~ sat i s fied  i t  Q(x) is quadra tic .  Then for .‘ ‘ 8h 
, we’ have t ha t

(ts . ’e) C (5
1

s,r ,.’) (C_~.’,.’1 CI n — -m . i_ s

Thus when we ar, u si n g  the  Iteration t.’chnl guie .at the  n — t b  t ime st .’j ’ ii 1 , we’

can a lways take I — e,’1 s’, ‘, 1 ansI obt a in  ,‘a ,_s ,‘t t ot - reduct ion by a f a c t  c_ sr of ,it I e ’ ;us ; t

af ter  -s i tet -C t ions ; . I f  we ate ’ given an , s5 , t h,’t ,‘ is,  an - s C lst~ ( 1 - s ( 
‘
~ ) 5; ’ ’

that _s ’l 
, whete we as,etgne that  a t 

‘
~ 1 . We cannot assume’ t hat -‘ i s  I n;tc’—

c _sf n t h i s  t ime. However we’ tt,’t ,‘ t h a t  i f  we’ ,j
~ ’ C log It 1 4 a,’ it  ,‘,-at ts ’iits

it  — it

at the t i— t i, t i me st e~’ whet , ’ n ranges tie-s t wc,’n 1 .in,i ~~~~~~ N , N ’  I , i i ,  t he  , ‘, ‘t t ,  s; , ’ s ’f 
L

s’*l cut t a t  ing an ai’i’i sS* uma t  ton t 5 5 fl I t~~) , then t ho ,ivct-age’ numtset - of it, ’ t u t  u , sn ;  ~~~~ t i m c ’t , ’ I ’  i - ‘

-18- 
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in~~~
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n= l n-’l

Hence the average number of i terations per time step is independent of N , for large’ N

We now gather these ideas . We wil l  assume that we have chosen a preconditioning

operator , which we will call PQ and we have Condition 8h if Q(x) is quadratic. Thus

we can assume that

(5.6) C
1
(~
’Q4p) < (Q~~,~) < C

2
(~Q~~,p )  for 0 < n < M , .‘ s~ S~

We also assume that we hav e an iterative linear system solving process IP which uses this

preconditioning operator . We now wish to use W to calculate approximations to the

solution of Q x  — F , assuming we have been given the right hand side F , an initial

guess x for x and a tolerance 3 > 0 . We will assume that there is an ci s_s (3
0 fl n n n

(a
so that if x 

n is the cin
_th iterate of the process W ,  then

(a I
( 5 . 7 )  II I)Ql~

2 x_x n )~I

Finally, we will make an assumption about the total number of iterations needed to achieve

certain tolerances . If 3 = c t1’2 for 1 < n ~ N , where r > 0 • then we will require
N n —

that 
~ nL 

~ < C for large N < N ; that is, we only need finitely many iterations per

time step, on the average, to achieve these tolerances.

With the process IP at hand , we now formally state a variant of the algorithm stated

in (3 . 8 ) . First of all, given a v (x) , we choose a U 0 € Sb 
that is close to v and given

a set of positive tolerances, we define in terms of {u~ }’~ 0 , 0 < n <- M-l ,

in the following way. We use enough iterations of the process ]P (which uses the precondi-

tioning operator PQ) to generate an approximation U~
4 1 to the (true) solution U’~”~

1 
of

the following system:

15.8) ~n+l n n

where the error made is to be less than the tolerance 3 , in the sense of (5,7) . We usen+l

(5.9) Z
n+i

(U) — 

j~ o 
Yn+l ,j IJ

for certain coefficients 
~ n+i ~~~ , as an initial guess. (We will fix values for these

coefficients later when it will be clearer what they need to be. Of course , letting

z 41 (u ) = ~n is a possibility and in general , we will never use more than the past few

values.)

—1 9— 



~~1~

if we ne’ st , ’t in , ’ ~-
t
~ — t o t  i, ‘ 0 , w,’ sot, t ~et s.. ,,v, t s I -  1 1 - c ,  , ntq ;ss ~ - ;  5 0 . 5

i;i.;st i t y ,  an analogue of (4.1)

,s+l n I_s a it n
(5. ls~) ~ — P t + (P 1 )E 4 ( p  1’ ) E

n *l  nd n n + l

+ (Q -
~ )F ~

’ 1  — (Q — ~~ Wn )
nd n~ l n+ 1 n

+ 
~ n+t~~~~~~~~~

” 1
’ 0 ‘- is ‘- 14-1

We now analyze the error made by t1sis kind of approximation algorithm . We will begin

by studying a result that is easy to obtain but is not the best possible for  our situation .

We will briefly assume that we solve (5.8) to an error of c~ — kV 
for 1 ~- n ‘

(if v ~‘ 2) and to an error of 3 = k for v fl ~- N. We note that these latter toler—— n — —

ances imply that for our types of processes U’ , we must do on the order of log (14)

log (-r/k) iterations per time step in general . One might expect these tolerances to lead

to good error estimates (if we use the appropriate initial guesses) and we will show th-.t

they indeed lead to good estimates. However we will later show that we can get the same

type of estimates for a modified algorithm that only requires finitely many iterations

per time step, on the average.

We will assume that v(x) is sufficiently smooth and compatible for this discussion .

In particular , this implies that we can take U0 to be an approximation generated by U’

to either V0’1 or V0’2 (recall that these were defined in Proposition (4.6)) with an

initial guess of zero and an error tolerance of — hr . (However , recall (4.15).)

Our algorithm is of course not well defined and in fact will not obtain the accuracy

claimed unless we make s sne special choices for the starting guesses required by the process

W . To be able to do this for the various schemes , we introduce some specific examples of

the operators discussed in (5.9) as follows ;

(U) -= 0 for 0 ‘ n ‘~ N , ~~~~ (u = for 0 n < Nn-i l — n+l

(2)  n n— i
— 2U —U for 1 ‘- n H

(3) i_s n—i n—2U U’) — 31’ — 3 U + t~i for 2 ‘ n .,
n+l —

(U)  — 4U n 
— 6~

n—l  
+ 415

t_ s~~~ — ~,n ’ a  f or  3 n ‘- ‘Cn d —

(U )  — 5t’~’ — i s si ”~~~ + ~~~~~~~ — ,_s~,n — u fl
~

4 fo r  4 and —

— .‘O—
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We can now ;t ,ut ,’ t h i s ,  in st  q u i t s  best ~~~~ i b I s ’ ~u 1qon  i t his in _ s i t s  eat i i  s’t v

Al~~or itt _ sm I t ) ;  Us;.’ 11’ with ti_se prect_sndition_sinO oporatsM 
~C 

t o

1) ge’ne’rate .tn .uI-l’rs_sx Lm,ct ion 1’ to  s ’ i thor V ‘ ot V ‘ using zero as an i i ,  i t  i ,i1

, I rguess and a to lerance  ‘~ _s — - h ;

(.‘) ;;e’n e ’’,ut  ,‘ an ,t~-pio x unset i5 ’r_s 15
n+ 1 

s’ the  (true) solut ion of (~ ‘ .8) us ing  (1’ )  — 
n

ass an i n _ s i t  i a i  ;t u i , ’ 50 and a tolerance c~ — k V in the range 1 n+ln+ 1 — —

(~ ) ‘iu _’n,’r , i t e ’ an apt’rox inuation to  the ’ (t rue) solution of (5 .8 )  us _ s in g ~~~
‘
~~(t ’)  as

an initial guess and a tolerance - k , in the range v n i - i

Again we note that sin ;- ,- we ’ are using a tolerance of k for ~‘ n+l  N , we i_ seed

~sn the order of log (M) — log(s/k) iterations per time step, in general.

We use the techniques of Section IV to study this process via Equation (5.10).

We first observe the  f o l l o w i n g :

(5.11) (~ ,_s 1
(u~~~-U~~

1) F~~
1
) cfl~

1 
F

n h  1 
I C
C
l

E II 
~~~11 ‘- ; _ s s l  

(1.’ _Z
I_s+ l ~~~

‘) l i i

1/2 E
n+l II ~ 

1 ‘~~~n_s+ l U) (E) ) H
— n+1 n+l  ,_ s+ l  n+ 1

+ tQ ~~~(w~~
1- ~~~~~ ( W ) ) H ) ,

- - n-i- I - -
(S . 1~~ ) ~~~~~~~~~~~~~ — Z~~~~(F,flhI — C Y 

- 
IIQ~ ~E ’II

)= i _ s—ti - l -

whe re i - rn i or v depe’nding on a . If we have Condi tion B1, at_ sd a sut i t ab le ’  v ( x t  , t h e n

(~~.1 i)  IIQ ~~~ 
(w~’ -z~~~ ( w ) ) f l  C W °

~~’-2~~’~ ( w ) fl  + C k I I L  
~ 

(W h\ _ z~~~ 1W) ‘ a l l

C k’ I sup HW~~~ ( s ) l l  + sup I lL
h

—- — i _ si- i — —— i _ si - i

i
C Cc ( v i  -— ( i + l )

where . u . i a i i _ s  i i  or 
~ depending on n .

~-:1-

~~~~II~~~ — — - —  ~‘—‘--- .
~~~~— ‘- ---_ ------- ‘-‘--——‘——-—-‘-----— —— —-- -—.-  - - -‘————— —— I
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Thus ’ , c s - - u s  oh- cs - s - - - i l - c s -  so;

Ths ’ 0 o ~~~( ’ , fl 5 If  We -; ‘ - ss, - t , i t , a -~\~5 I05O ,- t , e _ s ) i - ~~~_ s _ s~ ,;t i - t’~ ~~ - 
u_ s i ng -\i - s - ,  i t - s _ s (1)

Where v II ’ C s  — max ( 2 ) - a l l  , 2 n .1) ‘a ) 1 5  S O  i t _ s _ _s i _ s t  I \  - -~t 1n’~ -t  (s m d  ‘ ss _ s _ s -,it j tsl, - ,;s~~t cs’-

assume C o n , C _ st  ion  Bh , t i s , - s_s f~ ’i N C • we has,’ , - t i n_s t

(~ 14 )  - , I ~~(~~~~1~N ) J  C ( 5 ; ’

Proof ; e-t ~ C . w, - tOts, ’ ,- s,•ia ( 5 , i s ’)  , in s t  our s~~~~t imat s’ s_ s t i _s,it

(5 . 1 ~) ~~ 
I ~,n+ 1~ ( l i - C  Cc ‘a (~ E n 5 fl

) + C Cc l v i  2 (h r , 
~~ 

2
n + 1  — n i_s

n- i  -

+ C k \ ( S _ s t . t 
,~~

, )

~ - - max ( s _ s —\ - +  I, )

Al s-’ i f  C a I then U
1 ‘ F’~~ C ~~ . These i t_ sequ al  i t  j s ’ -s i s_sd ( 5 .  1 ~ ) 0)  vo o;_s t

r e s u l t .

‘;‘ht i_ss  cs’s- have 01-t Ama 1 ,u s i, ’ 1 c i  rs ’t s I or Algorithm Ii

5\’; ,e pr~’ 1 iminarv t ~- analyzing an selqs’r ~i’~ that re51u I r,- ss o nly  f j n i t e l~’ man i t  ,‘r a—

t ions per t ime’ s t  eu 0_s_s  t h, ,u_ s ’,’, .55 10 , WO Cr s ’vs’ 5(55.’ re’s _ s _ s I t  for  t h e -’ t o i l ocs’i nq si tti,mt I sos

p~~’ss s ;s ’ t h a t  ,m set s~~i ,ai~t -r ox  inst ions U - to ti_s .’ f_ s_ ss _ sc t ion ss - i i  0
5 s _ s — i a - i

given , whet - ,’ 1 ‘. ‘- ~-+ 1 tad n ‘ i — i .  Use ti_se process U’ (with th.- recons~ i t  ~_ s s , _s;s~

‘ Operator  -~~~ to ~ ,-‘n,’r,ut,’ an approxima tion 
,,~~~+ 1 

t o  the (true’) ~olut ion 
~~~~ of ( 5 .~~ ’a

u s ing  ( U ’  , u ;  51n u _ s i t  i s l  gut’s_ s_s and a t sl , ’ r ,ui _ s s’s’ 5 s _s
n a - I  i _ s + 1

By t h.’ ana lys  I s_ s done so f a r , cs’s’ already know ti_ se’ following .

~~~~~~s ’0 i t  j on ( 5 , 4 ) :  Su 1-i-ost ’ we i_s ave Cot_sd i t  ion 
~~~_s ~~~~~ ‘,‘ (_ s~’a is ssuf f I s ’)  s ’ s _ s t  lv s_ s_ st i0~~ t and

rOilip_s~ j i ’ i e’ . Then f5 — t anv s- 0 • we have that

(~~. it -s (C En+ l  , E~~~
l ) ( l i - C  C c )  (Q ~

n
~~~

:_s
1 — ~~( (s _s -I’

n -i- i — i_s — a i_s

+ C Cc ((Cc’ a- 1
r ) 2 

+ ,- ,s” k’ 
-2~ ~~~

s _ s a l

a- , 
‘ s_s~~1 ‘~~~-~~ 

~~~

~~
— s-_ s — i  a .’

‘t_s t ’ ,ibn ’vs - r , - - s ; _ s  it  ;_so t i v , ,  to ’- - th,’ i nv, ‘t j;_s,it I on of t i _ s e . e-’Utat (os_s s_ s t  ,ct Os) in t ho to l iv’s .  (550

t e s s _ s i l t .  

----- - - - - -- -- - - - ~~~~~~~ -----‘_ -—-- --
~~~~~~~
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; roj 2si t ion  ( 5 . 5 ) ~ Let ~w = s ’~+ c  wts - r , -  , and P are se i f a dj o in t  s ’ ;- a r at o r s  on S
h

s. ,  have tha t

( 5 .  17) ( (ç~~P)  (w— v ) ,W— V)  + C ( g—P ) W ,w ) I ( ç_ s —P ) v,v) +

Suppose fur~~
5 s’r that and P -sat is;f ( 4 . 2 )  ( i i i ) .  Th or_ s

-~ (Q ( W — V )  .W—\ ’) + ( (Q—P) N ,w) 
~, I ( çs—~ ) V , v )  + 2 ( F , W — V )

N,- now app ly Proposition (5.5) to (5.10) . I f  we can enforce a certain important

conditi-n , namely tha t . > 0 for  our - polynomials  P ( x )  and clx) (recall (3.1)) , cs’r

can obtain an estimate that will allow us to a n a ly ze  the last term in (5.16)

proposition (5 .6 ) : Suppose we have Condit ion 8h 
V ,- II ((I  = max (2 r -a - 2 , 2 v - f 2 ) )  is

sufficiently smooth and compatible and -~‘ ~ 0 . Then there are constan ts 2~ > 0 and

C > 0 so that if S < S~ we have that

( 5 . 1 9 )  C~~l l Q ~~~~~(E~~~
1

-E~~) l l
2 

+

( l+ C  k )  ( ( Q  -P ) E~~,E~ ) + C k
2 
(Q ~~~~~~~~~ + C k~ (Q E

fl
,E
n
)

— a n n -i- i n

2 r -- -‘ -s 2 j — 5 “ ‘ a -

+ C k  {(h +k - 
+ _s~~~1

k ‘ }ll v ll ’ + CS ’
1 - 

~ ‘ CE — E ) ( l ’~.
j=n—i +2

Proof : Our usual techniques , with different uses of the ariths_setic-geou_setric meal_ s in-

equality, yield (5.18) with (1i--Ck) replaced by 1 and with the following extra tern, on

the righ t hand side ;

(5.19) ( U ( Q  —p ) — (Q —P ) ) ~ ,E )
n+l n -l’ l a a a a

Note that Q (x)—P(x) = x + 0(x
2
) by the accuracy condition (3.1) (iii) and

Q (x)—P (x) > 0 for  x > 0 . If  we redef ine  R ( x )  = x + q ,_s -~~-~, x~ ti_ sen C1
R ( x )  <

Q (x)—P(x) < C
2
R (x) for 0 < x ‘- -‘- . Thus , under Condit ion , the techniques of Soot (os_s

Is,’ sh _ s~w that

(5.20) (NQ ~41
P1_s~ 1

) — (Q~~_P~~fl E ’5
.E ’

~ ) ~ C k
2 

( L E ~~ , E~~) + C k~ q , _ p 2~~l ( L ~ Ef hl

< C k ( E ( k L  ) E n , E
n_s ) .

~ C Cc ((~ —P— n — n n

We could now combine (5 .16)  and (5. 18)  wi th  su i t ab le  choices for  the parainetor i

We would then essentially find that (lQ~
”2E~ lI is bounded by terms that are O (h”-l-k’)

terms that measure the initial error in the Q~~
’2 —norm ant) tern_ so that ineasurc ft _ st initial

error in the k 1’12(Q0—P0
)~
”2-norr,. The projection we have c iososs for  the i n i t i a l  data

— 23— 
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(as given in Proposition (4.6)) is defined so that it is computable by the U’ process

1/2
and so it leads to an initial error that is good jr_s the -norm. Unfortunately it

does not necessari ly lead to one that is good in the k 1
~

’2 (Q
0
-P
0 

1/2
-norm . We could

now proceed in two ways.  One approach is to let U
0 be P

1
v or look for- another special

approximation which is good in all the required norms. But since the process U’ would

probably not be use fu l  in generat ing such an approximation (the spectrum of does not

bear the correct relationship to the spectrum of L
h

( 0 ) ) ,  a special process would be needed

to generate only U 0 . Since we would p re fe r  to avoid this  situation, we are led to using

(5.18) in sane other way. After all , i t  was only the direct use of (5.18) that gave this

apparent problem .

We have the following result which combines (5.16) and a variant of (5.18) ; the latter

uses mult iplication by the time variable to avoid potential problems at time zero.

Proposition (5,7) : Suppose that Condition B
h holds , v c H~ (p=ntax(2r+2 ,2_ s,s+2)) is suf-

ficiently smooth and compatible and 6 > 0 . Then for each c > 0 there is a B~~ > 0 so

that if 
~n+l ~ min (~~** , t 1”2 ) we have the following where l~ is independent of r- :n+l

(Q E’~~~ ,E~~
1) +  ~~±~~‘ 0

l/2 (E~~~
l_E n ) 2

nI-i k ‘n+l
(5.21)

t
n+l t

+ c( —j
~
-— ((Q~~,1—P )E

n+l
,E~~

l
) — 

I_s

n+ 1

< (l÷Ck) (Q
fl
E

t-i
,E
n
) — ~~~ 3 n

_p
n

)E n
,~~

_s
)

+ C I. (h
2r

+k 2V 2 2i-2 2
+ ~ k )llvlln+l

t nn+l 1
+ r— ~

---- 
~ 

((~
j=n—i+2 ~

Proof: It is a rather straightforward computation using (5 .16)  and (5. 18) to obtain ( 5 . 2 1 )

with 6/3 replaced by 6/2 and a term

C ‘l

on the right hand side where > 0 is arbitrary . This gives the result.

We can now define and state results for our final algorithm :

Algorithm (2): Use U’ with the preconditioning operator to

0 0 , 1 0 , 2( 1) generate an approximation U to ei ther  V or V us ing  zero as an i n i t i a l

guess and a tolerance ll
~ 

= 4h
1’

— 2 4 —

_ _ A
‘I 
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( ‘ I  - Ie ’ l I , t t t - - a s _ s  a _ s  - s - - s , s , s , a t  t i s  t -  li t ,’ _ st i _ s t - t  ‘ s , _ s i _ s , i  i -s _ s - -I (‘ sit s _ s s - _ s  
, _ s O  I t

- - _s ’
i i  a n t I  at , , s s , - - - - a t t e  I a I s ’ i e , _ a s s , -  5 5 - m u s h .  , e,u I 5 _ s ,  a s _ s i ’ - I s i c !  5: ,

i i i  1 -

- 1 “ 5 j _ s. s,~ I I

( I )  - , . ‘ s s ” i - a t  , -  i t ,  . I I - I - , ’ x u m . u t  ~~~ U~
’
~ I , ’  I _ s ,  ( I  t a t , ~~t - ‘ h it t ’ ’ l i  - -I ( ‘ - i _ s t  ‘ i - - I t s - i  ‘~~ C ’ a

a - s  an is s t t  s a l  - , s s ~ - - - - au -I i t , ’ h , - , , u n - , -  1 . mii, (I5 , t - t j u t I t s ,  , ,i,s,i, - - a t  s _ s a l  ‘5 ,
u t i l  - s _ s a l

c s ? , , , . -  i~ 
S , - 5 _ s i  i _ s t a t  I

N~- i s - I ’  I s i t  a ‘ uii, ~-,’i tau ,t i _ s f f , ’ t  - s _ s o C ’, ’ t s ,~-a e ul t i s a s  al - i - ’, i t l t i n  s u i t  ) \ t ’ i ’ -, i t  i _ s i n  ( I t  j _ s

t I _ s a t  i ’-~- - - i _ s i  a - - s i _ s _ s _ s _ s  I I ,‘no ‘ii I - u  ‘,- . - ‘ , _ s ,  fl , ‘ s s l y i _ s i t ’ , -  I , - i t e i ,-it e’ .t f i x ,~.1 niuntI ’, ’, ‘‘I
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